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In the strong-coupling BEC region where a Feshbach resonance gives rise to tightly-bound dimer
molecules, we show that a spin-polarized Fermi superfluid reduces to a simple Bose-Fermi mix-
ture of Bose-condensed dimers and the leftover unpaired fermions. Using a many-body functional
integral formalism, the Gaussian fluctuations give rise to an induced dimer-dimer interaction medi-
ated by the unpaired fermions, with the dimer-fermion vertex being given by the (mean-field) Born
approximation. Treating the pairing fluctuations to quartic order, we show how the action for a
spin-polarized Fermi superfluid reduces to one for a Bose-Fermi mixture. This Bose-Fermi action
includes an expression for the effective dimer-unpaired fermion interaction in a spin-polarized Fermi
superfluid beyond the Born approximation, in the superfluid phase at finite temperatures. In the
low-density limit, we show how this dimer-fermion interaction gives the s-wave scattering length
aBF = 1.18aF (aF is the s-wave fermion scattering length), a result first derived by Skorniakov and
Ter-Martirosian in 1957 for three interacting fermions.
PACS numbers: 03.75.Kk, 03.75.Ss
I. INTRODUCTION
Since superfluidity was first realized in ultracold
trapped two-component atomic Fermi gases [1, 2, 3],
there has been increasing interest in the properties of
spin-polarized Fermi superfluids [4, 5, 6]. As in unpo-
larized Fermi gas superfluids, by making use of a Fesh-
bach scattering resonance between fermions, the effective
scattering length aF that characterizes low-energy scat-
tering between fermions in different hyperfine states (i.e.,
aF = a↓↑) can be continuously tuned from negative to
positive values. We use ↑, ↓ to denote the two species
of atomic fermions prepared in different hyperfine states.
When aF < 0, the system is in the BCS region and pair-
ing can occur about the Fermi surface between fermions
in different hyperfine states. Passing through unitarity
(where |aF | = ∞), the scattering length becomes posi-
tive and one enters the BEC region, characterized by the
disappearance of the Fermi surface (the fermion chem-
ical potential becomes negative) and the appearance of
strongly bound molecular pairs. In the spin-polarized
Fermi superfluid, there is an excess of one of the two-
species of fermions: n↑ > n↓. In the BEC region, all of
the minority species of fermions are paired up, leaving a
gas of the remaining spin ↑ fermions. Thus, in the BEC
region, a spin-polarized Fermi gas should behave like a
Bose-Fermi mixture of the dimer molecules and unpaired
excess fermions. In this paper, we prove that the effective
action for a spin-polarized two-component Fermi super-
fluid in the BEC region reduces to an effective action for
a Bose-Fermi mixture.
The idea that a spin-polarized Fermi superfluid reduces
to a Bose-Fermi mixture in the BEC region has been ex-
plored in Refs. [7, 8, 9]. We extend those studies by
considering quartic pairing fluctuations of the effective
Bose action for a spin-polarized Fermi superfluid. At
this order, we show that a spin-polarized Fermi super-
fluid can still be described in terms of an equivalent Bose-
Fermi mixture with a renormalized dimer-fermion inter-
action that is valid beyond the Born approximation value
UBF = 2π(8aF/3)/mr [7, 8, 9], where mr = 2m/3 is the
reduced mass of the molecular dimer-atomic fermion sys-
tem.
Our discussion of the effective action of a spin-
polarized Fermi gas is based on the functional integra-
tion treatment [10] of the BCS-BEC crossover problem
developed in Refs. [11, 12]. Extending the approach of
Ref. [13], we expand this action in powers of pairing fluc-
tuations about the BCS-type mean-field saddle-point up
to quartic order in fluctuations. At the level of quadratic
(Gaussian) fluctuations, we derive the Bogoliubov the-
ory of excitations of a dimer molecular condensate in the
spin-polarized gas in Sec. III. We show how the Bogoli-
ubov excitation energy involves a dimer-dimer interac-
tion mediated by the unpaired ↑ fermions through a Lind-
hard response function. This result is compared with the
Bogoliubov excitation spectrum in a Bose-Fermi mixture
in Sec. IV.
In Sec. VI we discuss the quartic fluctuations of an ef-
fective Bose action for a Bose-Fermi mixture as well as
for a spin-polarized Fermi gas in the BEC limit. Com-
paring the two, we prove their equivalence and derive
an expression for the momentum- and energy-dependent
dimer-fermion interaction in a spin-polarized. In order to
make contact with the extensive literature on two-body
dimer-fermion scattering in free space [14, 25, 26, 27, 28],
in Sec. VII we show how our theory reproduces the well-
known result aBF = 1.18aF due to Skorniakov and Ter-
Martirosian [14] for the dimer-fermion scattering length.
2II. SPIN-POLARIZED SUPERFLUID FERMI
GAS IN THE BEC LIMIT
We first review the functional integral formalism for
an ultracold two-component spin-polarized Fermi gas, as
well as discuss some of the essential physics. At the
low temperatures of interest, s-wave scattering between
fermions in different hyperfine states dominates all other
partial-wave amplitudes. The s-wave interaction can be
calculated using the pseudopotential
U↑↓(r) = −Uδ(r). (1)
The partition function for the spin-polarized Fermi gas
can be written as a functional integral over fermionic
Grassmann fields ψ∗, ψ [10]:
Z =
∫
D[ψ∗, ψ]e−S[ψ∗,ψ], (2)
where the Euclidean (imaginary time) action is given by
S =
∫ β
0
dτ
[∫
dr
∑
σ
ψ∗σ(x)∂τψσ(x) +H
]
, (3)
and the Hamiltonian H is
H =
∫
dr
∑
σ
ψ∗σ(x)
(
−∇
2
2m
− µσ
)
ψσ(x)
−U
∫
dr ψ∗↑(x)ψ
∗
↓(x)ψ↓(x)ψ↑(x). (4)
Here, x ≡ (r, τ) is a four-vector denoting the spatial coor-
dinate r and the imaginary time variable τ = it. β = 1/T
is the inverse temperature. We set ~ = kB = 1 and the
volume to be unity. We restrict ourselves to a uniform
gas in this paper.
The chemical potentials µ↑, µ↓ in Eq. (4) are deter-
mined from the standard thermodynamic relation nσ =
−(∂Ω/∂µσ), where Ω = −T lnZ. A spin polarized Fermi
gas (with n↑ 6= n↓) is distinguished from an unpolar-
ized gas by having different chemical potentials for each
species: µ↑ 6= µ↓.
Introducing the Bose (superfluid) pairing field ∆(x)
through the Hubbard-Stratonovich transformation and
integrating out the Fermi Grassmann fields, the partition
function in Eq. (2) becomes:
Z =
∫
D[∆,∆∗]e−Seff [∆,∆∗], (5)
where
Seff [∆,∆
∗] ≡
∫ β
0
dτ
∫
dr
|∆(x)|2
U
− Tr ln[−G−1]. (6)
The inverse of the 2 × 2 Nambu-Gorkov BCS Green’s
function is
G−1(x, x′) =
(
−∂τ + ∇22m + µ↑ ∆(x)
∆∗(x) −∂τ − ∇22m − µ↓
)
×δ(x− x′). (7)
This approach has been used in Ref. [9] for a spin-
polarized Fermi gas.
Expanding the action given by Eq. (6) up to quadratic
order in fluctuations Λ(x) about the saddle-point value
∆0 for the Bose-pairing field, and Fourier-transforming
the resulting expression, the BCS mean-field S(0) and
Gaussian fluctuation S(2) contributions are given by [9]
S(0) = β
∆20
U
−
∑
k
tr ln[−G−10 (k)] (8)
and
S(2) =
∑
q
|Λq|2
U
+
1
2β
∑
k,q
tr[G0(k)Σ(−q)G0(k + q)Σ(q)]
≡ 1
2
∑
q
Λ†MΛ. (9)
Here,
G0(k) ≡ 1
(ikn − E+k )(ikn + E−k )
×
(
ikn + ξk,↓ −∆0
−∆0 ikn − ξk,↑
)
(10)
is the BCS 2 × 2 matrix Green’s function for the spin-
polarized Fermi superfluid, and the fluctuation self-
energy is defined as
Σ(q) =
(
0 Λq
Λ∗−q 0
)
, (11)
and ξk,σ ≡ k2/2m−µσ. The poles of G0(k) are given by
E±k =
√
(ξ+k )
2 +∆20 ± ξ−k , (12)
where ξ±k = (ξk,↑ ± ξk,↓)/2. The Green’s function in
Eq. (10) describes the BCS excitation spectrum [6, 9] in
a spin-polarized Fermi superfluid. It reduces to the stan-
dard result when µ↑ = µ↓, in which case ξ
+
k = k
2/2m−µ
and ξ−k = 0. In the last line of Eq. (9), we have de-
fined the spinor Λ† ≡ (Λ∗q ,Λ−q). Also, k ≡ (k, ikn) and
q ≡ (q, iqm) are four-vectors denoting the wave vectors
k and q as well as the Fermi and Bose Matsubara fre-
quencies, kn = (2n + 1)π/β and qm = 2mπ/β, respec-
tively. Throughout this paper, kn shall refer to a Fermi
frequency and qm a Bose frequency.
The matrix elements of the inverse 2 × 2 matrix pair
fluctuation propagator M defined in Eq. (9) are given
by [12, 15]
M11(q) =M22(−q) =
1
U
+
1
β
∑
k
G0,11(k + q)G0,22(k) (13)
3and
M12(q) =M21(q) =
1
β
∑
k
G0,12(k + q)G0,12(k). (14)
Here, G0,ij denotes the ij-th element of the Green’s func-
tion defined by Eq. (10).
The number of fermions in state σ is given by nσ =
−(∂Ω/∂µσ), where the thermodynamic potential is [15]
Ω ≃ ∆
2
0
U
− 1
β
∑
k
tr ln[−G−10 (k)] +
1
2β
∑
q
ln detM(q).
(15)
In the BEC limit [(kFaF )
−1 ≫ 1], the chemical po-
tential for the minority species is large and negative,
roughly corresponding to the binding energy of a dimer
molecule [7, 8, 9, 16]. Using this fact, one can show in the
BEC limit and above the superfluid transition tempera-
ture Tc that (see also the related discussion in Ref. [16])
nσ =
∑
k
f(ξk,σ) +
∑
q
nB(ξB,q), (16)
where ξB,q ≡ q2/2M − µB with the boson chemical po-
tential µB ≡ µ↓+µ↑+|Eb| [7, 9] and molecular massM =
2m. Here, f(x) = (eβx + 1)−1 and nB(x) = (e
βx − 1)−1
are the Fermi and Bose thermal distribution functions,
respectively. The Fermi distribution function describes
the unpaired free fermions while the Bose distribution
function describes the fermions in bound states. Deep in
the BEC region, there will be no unpaired ↓ fermions,
and thus f(ξk,↓) → 0. This means that the number of
excess unpaired ↑ fermions is given by [using Eq. (16)]
δnF ≡ n↑ − n↓ =
∑
k
[f(ξk,↑)− f(ξk,↓)]
≃
∑
k
f(ξk,↑). (17)
This shows that the chemical potential µ↑ for the ma-
jority species determines the number of unpaired excess
fermions. One can think of µ↑ as being roughly equal to
the Fermi energy of a gas of unpaired fermions of den-
sity δnF , i.e., µ↑ ≈ (6π2δnF )2/3/2m. Deep in the BEC
region, the dimer-unpaired fermion interactions are weak
and Eq. (17) will also be valid in the superfluid phase.
In the strong-coupling BEC limit, ∆0 is much smaller
than the dimer binding energy [12] and consequently,
|µ↓| ∼ 1/ma2F = |Eb| ≫ ∆0. In this limit, the two
quasiparticle branches in Eq. (12) can be approximated
by
E+k ≃
k2
2m
− µ↑ + g(k) (18)
and
E−k ≃
k2
2m
− µ↓ + g(k)
≃ k
2
2m
+ |Eb|+ g(k), (19)
where
g(k) ≡ ∆
2
0
k2/m+ |µ↓| . (20)
In Sec. VI, we will show that g(k) is the low-density limit
of the dimer-fermion interaction for a fermion of momen-
tum k interacting with a dimer boson, multiplied by the
condensate density of dimers. Thus, g(k) is the expected
self-energy correction for the fermions due to interactions
with the Bose condensate of dimer molecules. Hence, E+k
in Eq. (18) is precisely the spectrum one would expect for
an unpaired fermion interacting with a Bose-condensate
of dimer molecules. The second fermionic branch, given
by Eq. (19), involves the break-up of a dimer pair and
this excitation is frozen out in the BEC limit, where the
dimer binding energy |Eb| ≫ ∆0, Tc is very large.
III. BOGOLIUBOV SPECTRUM IN THE
GAUSSIAN APPROXIMATION
In this Section, we will derive the Bogoliubov excita-
tion energy in a spin-polarized Fermi gas in the BEC
region using the results of Sec. II. Summing over the
fermion Matsubara frequencies in Eqs. (13) and (14), the
matrix elements of the inverse matrix propagator for pair
fluctuations are given by (see Refs. [12, 15])
M11(q) =M22(−q) =
1
U
+
∑
k
[(
f+k − f−k+q
) v2kv2k+q
iqm + Ek + Ek+q
+
(
f−k − f+k+q
) u2ku2k+q
iqm − Ek − Ek+q
+
(
f+k − f+k+q
) v2ku2k+q
iqm + Ek − Ek+q
+
(
f−k − f−k+q
) u2kv2k+q
iqm − Ek + Ek+q
]
(21)
and
M12(q) =M21(q) =∑
k
[(
f−k+q − f+k
) ukvkuk+qvk+q
iqm + Ek + Ek+q
+
(
f+k+q − f−k
) ukvkuk+qvk+q
iqm − Ek − Ek+q
+
(
f+k − f+k+q
) ukvkuk+qvk+q
iqm + Ek − Ek+q
+
(
f−k − f−k+q
) ukvkuk+qvk+q
iqm − Ek + Ek+q
]
, (22)
where
f±p ≡ f
(±E±p ) (23)
4are the Fermi distribution functions and
Ep ≡
√
(ξ+p )2 +∆20 = E
+
p − ξ−p . (24)
Here, up =
√
(1 + ξ+p /Ep)/2 and vp =
√
(1− ξ+p /Ep)/2
are the Bogoliubov quasiparticle amplitudes for a spin-
polarized Fermi superfluid. We note that Ep is not the
physical quasiparticle dispersion (given by E±p ), except
when the polarization vanishes (ξ−p = 0; ξ
+
p = ξp).
The processes described by the first two lines (on the
right-hand side) in Eqs. (21) and (22) correspond to pair
creation/destruction of two excitations ±(Ek + Ek+q),
while the last two terms describe creation/destruction of
particle-hole excitations ±(Ek − Ek+q). Following the
usual approach for unpolarized Fermi superfluids [12], in
the BEC limit, we expand the first and second lines of
Eqs. (21) and (22) in powers of q = (q, iqm). For an un-
polarized gas (µ↓ = µ↑ ≃ −|Eb|/2), f+ → 0 and f− → 1
since T ≪ |Eb| in the BEC region (recall that Tc ∼ 0.2ǫF
in the BEC region while |Eb| = 2(kF aF )−2ǫF is much
larger when (kF aF )
−1 ≫ 1). Thus, the third and fourth
lines in Eqs. (21) and (22), describing particle-hole ex-
citations, vanish. However, for the polarized superfluid,
using Eq. (19) we see that in the BEC limit we still have
that f− → 1 since the chemical potential for the mi-
nority species is large and negative. On the other hand,
µ↑ ≈ ǫF (δnF ) is positive, where ǫF (δnF ) is the Fermi en-
ergy of the excess fermions, with density δnF = n↑ − n↓.
Thus,
f+p ≡ f(E+p )
≃ f(ξp,↑ + g(p))
≡ f(ξ′p,↑), (25)
does not vanish in the BEC limit. This means that for a
polarized Fermi superfluid in the BEC limit, the particle-
hole terms given by the third lines in both Eqs. (21) and
(22) do not vanish. We will show that these terms (which
we denote as R11(q) and R12(q), respectively) can be
written in terms of a fermionic particle-hole density re-
sponse function in the BEC limit [see Eq. (44)].
Following the previous discussion, in the BEC limit,
the matrix elements of the inverse pair fluctuation prop-
agator in Eqs. (21) and (22) are approximated by
M11 ≃ A+Bq2 − C(iqm) +R11(q) (26)
and
M12 ≃ A+Dq2 +R12(q), (27)
where the expansion coefficients (A,B,C, and D) de-
scribe the small-q expansion of the first two lines in
Eqs. (21) and (22). To leading order in (∆0/|µ↓|)2, these
coefficients reduce to (see Refs. [12] and [15] for similar
calculations)
A =
∑
k
∆20
4(ξ+k )
3
(
1− f(ξ′k,↑)
)
, (28)
B =
∑
k
(
1− f(ξ′k,↑)
) [ 1
8m(ξ+k )
2
− (k · qˆ/m)
2
8(ξ+k )
3
]
, (29)
and
C =
∑
k
1
4(ξ+k )
2
(
1− f(ξ′k,↑)
)
, (30)
where qˆ = q/|q|. D ∼ ∆20a5F is vanishingly small in the
BEC limit [15].
The mean-field BCS gap equation follows from the
requirement that the saddle-point action S(0) be sta-
tionary with respect to fluctuations Λ(x) about ∆0:
∂S(0)/∂∆0 = 0. This gives the usual expression
∆0
U
=
1
β
∑
k
G0,12(k). (31)
In the BEC limit, the off-diagonal BCS Green’s functions
in Eq. (10) are given by
G0,12(k) = G0,21(k) ≃ −∆0G˜0,↑(k)G˜0,↓(k), (32)
where we have introduced the normal single-particle
Green’s functions
G0,↓(k) =
1
ikn + ξk,↓
, G0,↑(k) =
1
ikn − ξk,↑ . (33)
Using Eq. (32), Eq. (31) reduces to
1
U
= − 1
β
∑
k
G˜0,↑(k)G˜0,↓(k)
=
∑
k
1− f(ξ′k,↑)
ξ′k,↑ + ξ
′
k,↓
. (34)
Introducing the standard regularized two-body poten-
tial [11]
1
U
= − m
4πaF
+
∑
k
m
k2
, (35)
we can replace 1/U in Eq. (34) in terms of aF . In order
to solve Eq. (34) analytically, we use the approximation
g(k) ≃ g(0) = ∆20/|µ↓|, valid at the mean-field level for
low densities of the unpaired ↑ fermions since k2F /2m ≃
µ↑ ≪ |µ↓|, where kF ≡ (6π2δnF )1/3 is the Fermi wave
vector for the unpaired ↑ fermions. We find√
|µ↓| − µ↑ + 2g(0) =
1√
maF
[
1− 4πaF
m
∑
k
f(ξ′k,↑)
k2/m+ |µ↓| − µ↑
]
. (36)
Since f(ξ′k,↑) → 0 for k > kF ≈
√
2mµ↑ and |µ↓| ≫ µ↑,
we have
∑
k
f(ξ′k,↑)
k2/m+ |µ↓| − µ↑ ≈
1
|µ↓|
∑
k
f(ξ′k,↑) ≡
1
|µ↓|δnF ,
(37)
5and thus Eq. (36) reduces to
|µ↓| − µ↑ ≈ |Eb|
(
1− 8π(δnFa3F )− 2
∆20
|Eb|2
)
. (38)
Recall that δnF is the density of the unpaired excess ↑
fermions.
The corrections on the right-hand side of Eq. (38),
due to a finite density of unpaired fermions as well as
a finite condensate density, are both higher-order correc-
tions (O[δnF a3F ] and O[nFa3F ], respectively [17]). In the
BEC limit, we ignore these corrections. We note that
|Eb|(δnFa3F ) = (k2F /2m)(2kFaF ) ≈ µ↑(2kFaF ). Thus,
the contributions we drop from Eq. (38) are much smaller
than µ↑ in the BEC limit and the gap equation reduces
to
|µ↓| − µ↑ = 1
ma2F
(
1 +O[δnF a3F ]
)
. (39)
In Eqs. (28)-(30), the terms containing the Fermi thermal
factor f(ξ′k,↑) are also O[δnF a3F ], as can be shown by
using the approximation in Eq. (37). Using Eq. (39), the
expansion coefficients reduce to
A =
∆20a
3
Fm
3
16π
(
1 +O[δnF a3F ]
)
, (40)
B =
maF
32π
(
1 +O[δnFa3F ]
)
, (41)
and
C =
m2aF
8π
(
1 +O[δnFa3F ]
)
. (42)
We now turn to the evaluation of the R11 and R12
terms in Eqs. (26) and (27). Using the expansion
Ek ≃ ξ+k +∆20/2ξ+k
≃ ξ+k + g(k) (43)
in the third lines of Eqs. (21) and (22), we obtain
R11(q) ≃ R12(q) ≃
∑
k
g2(k)
∆20
f(ξ′k,↑)− f(ξ′k+q,↑)
iqm + ξ′k,↑ − ξ′k+q,↑
. (44)
As we shall show later, this term is of the order
∆20a
3
Fm
3(δnFa
3
F )
1/3. (45)
Thus, comparing with the finite-density corrections to
the coefficients given in Eqs. (40)-(42), we see that this
is the leading-order finite-density correction.
In summary, for small energy and momentum q, the
matrix elements of the inverse pair fluctuation propaga-
tor M defined in Eqs. (21) and (22) are given by
M11 = A+Bq
2 − C(iqm)
+
∑
k
g2(k)
∆20
f(ξ′k,↑)− f(ξ′k+q,↑)
iqm + ξ′k,↑ − ξ′k+q,↑
=
m2aF
8π
[
− iqm + q
2
4m
+
∆20a
2
Fm
2
+
1
nc
∑
k
g2(k)
f(ξ′k,↑)− f(ξ′k+q,↑)
iqm + ξ′k,↑ − ξ′k+q,↑
]
=
m2aF
8π
[
−iqm + q
2
2M
+ ncU˜
(0)
BB(q)
]
(46)
and
M12 = A+
∑
k
g2(k)
∆20
f(ξ′k,↑)− f(ξ′k+q,↑)
iqm + ξ′k,↑ − ξ′k+q,↑
=
m2aF
8π
[
ncU˜
(0)
BB(q)
]
, (47)
where we have defined the effective interaction
U˜
(0)
BB(q, iqm) ≡ U (0)BB +
∑
k
g2(k)
n2c
f(ξ′k,↑)− f(ξ′k+q,↑)
iqm + ξ′k,↑ − ξ′k+q,↑
.
(48)
The direct dimer-dimer interaction is
U
(0)
BB =
4π(2aF )
M
, (49)
where the molecular scattering length is given by the
Born approximation aBB = 2aF [11]. The condensate
density nc of dimer molecules which appears in Eq. (48)
is given in the BEC limit by [18]
nc(T ) =
∆20(T )m
2aF
8π
. (50)
Substituting the results in Eqs. (46) and (47) into
Eq. (9) and defining the Bose fluctuation field
cq ≡
√
m2aF
8π
Λq, (51)
the action describing Gaussian fluctuations past the BCS
mean-field is given by
S(2) = −1
2
∑
q
′
c†qD
−1(q)cq , (52)
where c†q ≡ (c∗q , c−q) and D−1 is the 2 × 2 inverse ma-
trix propagator for the Bogoliubov excitations of a dimer
condensate in a spin-polarized superfluid:
−D−1(q) ≡(
−iqm + q
2
2M + ncU˜
(0)
BB(q) ncU˜
(0)
BB(q)
ncU˜
(0)
BB(q) iqm +
q2
2M + ncU˜
(0)
BB(q)
)
.
(53)
6Equation (53) is identical to the propagator for Bogoli-
ubov excitations in an unpolarized Fermi superfluid in
the BEC limit [12, 15], apart from the renormalized in-
teraction U˜
(0)
BB(q) defined in Eq. (48).
We now discuss the Bogoliubov excitations of the
dimer condensate which are described by the propaga-
tor defined in Eq. (53). If we replace g(k) by its long-
wavelength value g(0) = ∆20/|µ↓|, U˜ (0)BB in Eq. (48) be-
comes
U˜
(0)
BB(q) ≈ U (0)BB +
(
8πaF
m
)2
χ(q, T ), (54)
where
χ(q, iqm;T ) ≡
∑
k
f(ξ′k,↑)− f(ξ′k+q,↑)
iqm + ξ′k,↑ − ξ′k+q,↑
, (55)
is the Lindhard response function [19, 20, 21] for the
excess ↑ fermions. This function (see, for example,
Ref. [19]) describes the induced fermionic density fluc-
tuation in response to a density fluctuation in the bosons
with energy iqm and momentum q. The fermion den-
sity fluctuation acts back on the bosons to give rise to a
fermion-mediated boson-boson interaction.
At low temperatures (T ≪ TF ), one finds Eq. (55)
gives
χ(0, 0) ≃ −N(ǫF ) ≃ −mkF
2π2
, (56)
where N(ǫ) is the fermionic density of states and ǫF =
k2F /2m is the Fermi energy of the unpaired ↑ fermions.
In Eq. (56) we have used the density of states N(ǫF ) =
3δnF /2ǫF of an ideal single-component Fermi gas of den-
sity δnF . Using kF = (6π
2δnF )
1/3 in Eq. (56) leads
to the result given in Eq. (45) [giving the magnitude
of g2(0)χ(0, 0)/∆20]. We thus see that this correction
in Eq. (54) due to the effects of the unpaired excess
fermions is much larger than the corrections we dropped
in Eqs. (40)-(42). These higher-order terms due to a finite
density of unpaired fermions would renormalize the pa-
rameters (nc,M,U
(0)
BB) appearing in the Bogoliubov prop-
agator. However, we do not discuss this extension here.
The long-wavelength bosonic spectrum of a spin-
polarized Fermi superfluid in the BEC limit [found from
the solution of detD−1(q, ωq) = 0 given by Eq. (53)], are
the usual Bogoliubov excitations,
ωq =
√
(cq)2 +
( q2
2M
)2
, (57)
where the renormalized sound velocity c is defined by
c2 =
U˜
(0)
BB(0)nc
M
. (58)
Since the induced interaction (8πaF /m)
2χ(0, 0) ≃
−(8πaF /m)2mkF /2π2 is attractive, the sound velocity
becomes smaller as the density δnF = k
3
F /6π
2 of the
excess unpaired fermions is increased. Above a critical
value of the density corresponding to c = 0, the sound
velocity becomes imaginary, signalling an instability to-
wards phase-segregation of the bound dimers and un-
paired fermions. Using Eqs. (54), (56), and (58), one can
show that the sound velocity is real as long as
δn
1/3
F ≤
(6π2)2/3
3m
U
(0)
BB
(8πaF /m)2
. (59)
Thus, Eq. (59) gives the stability condition for the uni-
form superfluid phase of a spin-polarized Fermi gas in the
BEC region [see also Eq. (78) for further discussion].
Summarizing the results of this Section, we have given
an explicit expression for the spectrum of Bogoliubov ex-
citations of the dimer condensate in the BEC limit of a
spin-polarized Fermi superfluid. Since the renormalized
phonon sound speed becomes imaginary above a criti-
cal density of the unpaired ↑ fermions, we showed how
the Bogoliubov spectrum also gives the condition for the
system to become unstable towards phase segregation.
In order to better understand the results given here, in
Sec. IV we discuss the Gaussian fluctuations of a Bose-
Fermi mixture and show that they are equivalent to the
results of this Section for a spin-polarized Fermi super-
fluid.
IV. GAUSSIAN APPROXIMATION FOR AN
EFFECTIVE BOSE-FERMI THEORY
In order to understand our expression for the effective
dimer-dimer interaction in Eq. (48) that arises in the Bo-
goliubov excitation spectrum for a spin-polarized Fermi
superfluid in the BEC limit, in this Section we consider
the Gaussian fluctuations of a Bose-Fermi mixture. We
show that at the Gaussian level, a spin-polarized Fermi
superfluid in the BEC limit can be modelled as a Bose-
Fermi mixture and identify the effective dimer-unpaired
fermion interaction (within the Born approximation).
We introduce the following action for a Bose-Fermi
mixture:
S[a, c] =
∑
k
(
−ikn + k
2
2m
− µF
)
a∗k,↑ak,↑
+
∑
q
(
−iqm + q
2
2M
− µB
)
c∗qcq
+
1
β
∑
k,k′,P
UBF (k, k
′, P )c∗P−kcP−k′a
∗
k,↑ak′,↑
+
1
2β
∑
q,q′,K
UBB(q, q
′,K)c∗K
2
+q′c
∗
K
2
−q′cK2 −q
cK
2
+q.
(60)
Here, P ≡ (P, iPn) and Pn is a Fermi Matsubara fre-
quency representing the centre-of-mass degree of freedom
7of a boson-fermion pair. As with before, kn, k
′
n are also
Fermi frequencies, while Km and qm are Bose frequen-
cies. Equation (60) describes a system of bosons (c) of
mass M and fermions (a) of mass m interacting via the
potential UBF , and bosons interacting with each other
through UBB. c is a complex number Bose field, while a
is a Fermi Grassmann field.
µB and µF refer to the chemical potentials of the bo-
son and fermions, respectively. In contrast to the spin-
polarized gas in Sec. II, only one species of fermions with
chemical potential µF appears in Eq. (60). This chemi-
cal potential is the same as µ↑ in the spin-polarized gas,
however, being determined by Eq. (17).
Integrating out the Fermi Grassmann fields from the
partition function Z = ∫ D[a, c]e−S[a,c], we obtain an
effective Bose action which can be compared directly with
the effective action for the bosonic fluctuations of a spin-
polarized Fermi superfluid. The model Bose-Fermi action
given in Eq. (60) is bilinear in the Fermi Grassmann fields
a, a∗, and the Gaussian integral can be evaluated in the
usual way to give
Seff [c] = SB − Tr ln[−A], (61)
where
SB ≡
∑
q
(−iqm + ξB,q) c∗qcq
+
1
2β
∑
q,q′,K
UBB(q, q
′,K)c∗K
2
+q′c
∗
K
2
−q′cK2 −q
cK
2
+q
(62)
and
A(k, k′) ≡ (ikn − ξF,k)δk,k′
− 1
β
∑
P
UBF (k, k
′, P )c∗P−kcP−k′ , (63)
with ξB,q ≡ q2/2M − µB and ξF,k ≡ k2/2m− µF .
Treating fluctuations of the Bose condensate as small,
we apply the Bogoliubov shift cq →
√
ncβ+cq to A(k, k
′)
and expand about its saddle point value A0(k):
A(k, k′) = A0(k) + Λ
(1)(k, k′) + Λ(2)(k, k′), (64)
where
A0(k) = ikn − ξF,k − ncUBF (k, k, k)
≡ ikn − ξ′F,k, (65)
Λ(1)(k, k′) = −
√
nc
β
× [UBF (k, k′, k)ck−k′ + UBF (k, k′, k′)c∗k′−k] , (66)
and
Λ(2)(k, k′) = − 1
β
∑
P
UBF (k, k
′, P )c∗P−kcP−k′ . (67)
Using this expansion in Eq. (61), the saddle-point action
is given by
S(0) = −µBncβ + UBB(0, 0, 0)n
2
cβ
2
− Tr ln[−A0]. (68)
The Gaussian fluctuations are described by
S(2) = S
(2)
B − Tr[A−10 Λ(2)] +
1
2
Tr[(A−10 Λ
(1))2], (69)
where S
(2)
B gives the Gaussian fluctuation terms from SB
in Eq. (62).
We now show that Eq. (69) is equivalent to the analo-
gous terms in Eq. (52) for a spin-polarized Fermi super-
fluid. Performing the frequency sums in the two terms in
Eq. (69) and replacing terms like UBF (k, k + q, k; ikn =
ξF,k) by its free-space (µF = 0), long-wavelength, static
(q=0) value,
UBF (k) ≡ UBF (k, k, k; ikn = k2/2m), (70)
we find
Tr[A−10 Λ
(2)] =
−
∑
q
c∗qcq
∑
k
UBF (k)f(ξ
′
F,k) (71)
and
Tr[(A−10 Λ
(1))2] =∑
q
(
c∗qcq + cqc−q + c
∗
qc
∗
−q + c−qc
∗
−q
)
×
∑
k
ncU
2
BF (k)
f(ξ′F,k)− f(ξ′F,k+q)
iqm + ξ′F,k − ξ′F,k+q
, (72)
where ξ′F is defined in Eq. (65):
ξ′F,k = ξF,k + ncUBF (k, k, k). (73)
Using the Born approximation value U
(0)
BB ≡ UBB(0, 0, 0)
for the boson-boson interaction [to facilitate comparison
with Eq. (52)], the Gaussian fluctuation terms S
(2)
B of the
Bose action given in Eq. (62) reduce to
S
(2)
B =
1
2
∑
q
(−iqm + ξB,q) c∗qcq
+
nc
2
∑
q
U
(0)
BB
(
cqc−q + 4c
∗
qcq + c
∗
−qc
∗
q
)
. (74)
The requirement that the saddle-point action given in
Eq. (68) be stationary (∂S(0)/∂nc = 0) gives
µB = U
(0)
BBnc +
∑
k
UBF (k)f(ξ
′
F,k). (75)
Using Eqs. (71)-(75), it is straightforward to show that
the Gaussian action in Eq. (69) for the Bose fluctuations
8of a Bose-Fermi mixture is the same as the Gaussian
action of a spin-polarized superfluid given by Eq. (52).
For the Bose-Fermi mixture, the effective boson-boson
interaction is then given by the expression in Eq. (48)
with
UBF (k) =
g(k)
nc
. (76)
We note that this expression for UBF has only been de-
rived within a Gaussian approximation. In Sec. VI, we
show how the inclusion of quartic fluctuations leads to
an improved result. Using Eqs. (20) and (50) as well as
µ↓ = Eb, Eq. (76) reduces to
U
(0)
BF ≡
2π(8aF/3)
mr
. (77)
This corresponds to the Born-approximation value of
the dimer-fermion interaction [7, 9], with reduced mass
mr = 2m/3. Substituting Eq. (77) into Eq. (59), we find
that the stability condition for the spin-polarized Fermi
superfluid becomes
δn
1/3
F ≤
(6π2)2/3
3m
U
(0)
BB
(U
(0)
BF )
2
. (78)
This requirement is identical to the stability condition for
atomic Bose-Fermi mixtures (see, for instance, Eq. (9) in
Ref. [22]).
By considering the Gaussian fluctuations in the ac-
tion for a spin-polarized Fermi superfluid, we have shown
how the Bogoliubov excitations of the dimer conden-
sate are affected by the remaining unpaired ↑ fermions.
At the Gaussian level, however, the renormalized dimer-
dimer interaction only involves the Born-approximation
value for the dimer-fermion interaction UBF as given in
Eq. (77). To derive a better expression for the dimer-
fermion interaction, we need to include quartic fluctua-
tion terms. This is done in Sec. VI.
V. GAUSSIAN FLUCTUATIONS IN A
SPIN-POLARIZED NORMAL FERMI GAS
In this section, we consider the Gaussian fluctuations of
a spin-polarized gas in the normal phase. The advantage
of doing this is that we do not need to work with the
small q expansion for the two-fermion vertex function, as
we did in the superfluid phase discussed in Sec. III. We
use the results obtained in this Section in our derivation
of the effective dimer-fermion interaction given in Sec. VI.
Even though we carry out our analysis in the normal
state, we restrict ourselves to temperatures well below
the dimer binding energy. Thus, we are still dealing
with a Bose-Fermi mixture. The dimers, however, are
not Bose-condensed. We emphasize, though, that in the
extreme BEC limit, ∆0 is much smaller than the bind-
ing energy of the diatomic molecules even at T = 0 [12].
Consequently, in this region, the effective interaction is
the same whether the molecules (Cooper pairs) are Bose-
condensed (∆0 6= 0) or not.
In the normal state, the Gaussian action given in
Eq. (9) reduces to
S(2) =
∑
q
Λ∗qΛqΓ
−1
FF (q), (79)
where the inverse of the two-fermion vertex function
ΓFF (q) is given by [9]
Γ−1FF (q) ≡
1
U
+
1
β
∑
k
G0,↓(k)G0,↑(k + q)
=
1
U
+
∑
k
1− f(ξk,↑)− f(ξk−q,↓)
iqm − ξk,↑ − ξk−q,↓ . (80)
In the discussion to follow, we only consider the low-
density limit of the unpaired ↑ fermions and thus we omit
the f(ξk,↑) term in Eq. (80). Recall that the Fermi dis-
tribution factor f(ξk−q,↓) for the ↓ fermions vanishes at
low temperatures since µ↓ ≃ Eb is large and negative.
As before, we use the regularized two-body potential
given by Eq. (35) to replace 1/U in terms of aF . We thus
obtain
Γ−1FF (q) =
∑
k
[
1
iqm − ξk,↑ − ξk−q,↓ +
m
k2
]
− m
4πaF
=
m
4πaF
{
4πaF
m
∑
k
[
1
iqm−ξk,↑−ξk−q,↓+
m
k2
]
−1
}
.
(81)
The k-sum in Eq. (81) can be carried out analytically
(assuming µ↓ < 0) and we find
Γ−1FF (q) =
m
4πaF
[√
−iqm + q2/2M − µ↓ − µ↑
|Eb| − 1
]
. (82)
After some rearranging, the vertex function in Eq. (82)
can be written as
ΓFF (q, iqm) =
4π
m2aF
1 +
√
−iqm+ξB,q+|Eb|
|Eb|
−iqm + ξB,q , (83)
where ξB,q ≡ q2/2M − µB with the boson chemical po-
tential µB ≡ µ↓ + µ↑ + |Eb| [7, 9]. For zero polarization,
Eq. (83) reduces to the standard particle-particle vertex
function Γ given in Refs. [23, 24]. In the BEC region,
the two-fermion vertex function ΓFF (q) in Eq. (83) has
a pole arising from bosonic dimer molecules.
Substituting Eq. (83) into Eq. (79), the Gaussian ac-
tion becomes
S(2) =
∑
q
Λ∗qΛqλ
−2
q (−iqm + ξB,q) , (84)
9where the strength of the bound state pole in Eq. (83) is
λ2q ≡ λ2(q, iqm)
=
4π
m2aF
[
1 +
√
−iqm + ξB,q + |Eb|
|Eb|
]
. (85)
Defining the Bose fields
cq ≡ λ−1q Λq, c∗q ≡ λ−1q Λ∗q, (86)
the Gaussian action in Eq. (84) assumes the more familiar
form
S(2) =
∑
q,qm
(−iqm + ξB,q) c∗qcq
≡ −
∑
q
c∗qD
−1
0 (q)cq , (87)
where we have defined the free-space molecular Bose
propagator
D0(q) ≡ 1
iqm − ξB,q . (88)
Note that at energies well-below the molecular binding
energy (i.e., iqm, ξB,q ≪ |Eb|), the Bose fluctuation fields
defined in Eq. (86) reduce to cq =
√
8π/m2aFΛq, which
is the same field we used in our discussion of the super-
fluid state, given by Eq. (51). Our definition of cq here
represents a very natural separation of the two energy
scales in the problem. The propagator D0(q) in Eq. (88)
describes the low-energy dynamics of the dimer molecules
through their effective single-particle energy, ξB,q. The
momentum- and energy-dependence that enters through
λq, in contrast, describes the high-energy internal degrees
of freedom of the molecules characterized by the binding
energy Eb.
VI. QUARTIC FLUCTUATIONS
We now consider the quartic fluctuations to the ef-
fective Bose actions for a spin-polarized superfluid as
well as a Bose-Fermi mixture. We use this compar-
ison to identify an expression for the effective dimer-
unpaired fermion interaction UBF in spin-polarized su-
perfluids that is valid beyond the Born approximation.
To make the physics as clear as possible, we work in the
normal state.
We start by discussing the quartic fluctuations of the
effective Bose-Fermi theory. The quartic fluctuation
terms in Eq. (61) are
S(4) = S
(4)
B +
1
2
Tr[(A−10 Λ
(2))2]
−Tr[(A−10 Λ(1))2A−10 Λ(2)] +
1
4
[(A−10 Λ
(1))4]. (89)
In the normal state Λ(1) vanishes and Eq. (89) reduces
to
S(4) =
1
2β
∑
q,q′,K
V
(4)
BF (q, q
′,K)c∗K
2
+q′
c∗K
2
−q′
cK
2
−qcK
2
+q.
(90)
The effective boson-boson interaction V
(4)
BF in this expres-
sion is
V
(4)
BF (q, q
′,K) = UBB(q, q
′,K) + V˜
(4)
BF (q, q
′,K), (91)
where, using the shorthand Q± ≡ (q ± q′)/2,
V˜
(4)
BF (q, q
′,K) ≡
1
β
∑
k
UBF
(
k +Q++
K
4
, k −Q++K
4
, k +
3K
4
+Q−
)
×UBF
(
k −Q++K
4
, k +Q++
K
4
, k +
3K
4
−Q−
)
×A−10
(
k +Q++
K
4
)
A−10
(
k −Q++K
4
)
. (92)
In this expression, the A−1 Green’s functions are given
by their nc = 0 value in Eq. (65):
A−10 (k) =
1
ikn − ξF,k . (93)
Taken together, Eqs. (91) and (92) describe the
leading-order terms in the effective boson-boson interac-
tion in a Bose-Fermi mixture. The first term in Eq. (91)
is the bare boson-boson interaction UBB while the sec-
ond term, V˜
(4)
BF , given by Eq. (92), describes an effective
boson-boson interaction mediated by the fermions. We
will show that the quartic fluctuation action in Eq. (90)
has the same form as the quartic fluctuation action for a
spin-polarized superfluid.
The quartic fluctuation terms in the action for a spin-
polarized gas given by Eq. (6) are
S(4) =
1
4β2
Tr[(G0Σ)
4] =
1
2β
∑
q,q′,K
V (4)(q, q′,K)c∗K
2
+q′
c∗K
2
−q′
cK
2
−qcK
2
+q. (94)
Here, we have used the Bose field cq defined in Eq. (86).
As before, K ≡ (K, iKm) is a four-vector denoting the
momentum K and Bose Matsubara frequency iKm, cor-
responding to the centre-of-mass degree of freedom of two
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bosons. The interaction V (4) in Eq. (94) is found to be
V (4)(q, q′,K) =
λK/2+q′λK/2−q′λK/2−qλK/2+q
1
β
∑
k
G0,↓
(
k +Q− − K
4
)
G0,↓
(
k −Q− − K
4
)
×G0,↑
(
k +Q+ +
K
4
)
G0,↑
(
k −Q+ + K
4
)
.
(95)
In the case of an unpolarized Fermi gas, this expression
reduces to the interaction discussed by Ohashi [13] when
we approximate λq by λ0.
Since a spin-polarized Fermi superfluid in the BEC re-
gion is equivalent to a Bose-Fermi mixture, when µ↑ 6= µ↓
(i.e., n↑ 6= n↓), the effective interaction given in Eq. (95)
includes an effective dimer-dimer interaction mediated
by the gas of unpaired ↑ fermions. In addition, Eq. (95)
includes a direct dimer-dimer interaction which, unlike
the mediated interaction, does not vanish when n↑ = n↓.
However, unlike the expression given in Eq. (91) for the
effective boson-boson interaction in a Bose-Fermi mix-
ture, in Eq. (95) these two different contributions are
not explicitly separated. We will show that the mediated
interaction in Eq. (95) is given by the poles of the G0,↑
for the unpaired ↑ fermions. The direct contribution is
given by the poles of the Green’s functions G0,↓ for the
paired fermions. We shall use the notation
∑
G0,σ
to de-
note the contribution to the Fermi Matsubara frequency
sum from the residue of the poles of the G0,↑ and G0,↓
Green’s functions in Eq. (95). Using this, the direct and
mediated interactions can be separated as follows:
V (4)(q, q′,K) = V
(4)
direct(q, q
′,K) + V
(4)
mediated(q, q
′,K),
(96)
where
V
(4)
direct(q, q
′,K) ≡
∑
k
∑
G0,↓
{ · · · } , (97)
V
(4)
mediated(q, q
′,K) ≡
∑
k
∑
G0,↑
{ · · · } , (98)
and { · · · } denotes the integrand in Eq. (95).
We now show that V
(4)
direct can be identified as a “direct”
dimer-dimer interaction, whereas V
(4)
mediated is an interac-
tion between dimer molecules that is mediated by un-
paired fermions. Recalling that the chemical potential
µ↑ for the majority species of fermions is just the chem-
ical potential for a gas of the excess unpaired fermions,
we see that A−10 (k) = G0,↑(k), where A
−1
0 (k) is given by
Eq. (93) and G0,↑(k) is given by Eq. (33). Using this
identification to compare Eqs. (98) and (92) leads to the
result
UBF (k, k
′, P ) = λP−kG0,↓(k+k
′−P )λP−k′ , (99)
where λq is defined in Eq. (85) and k, k
′, and P all involve
Fermi frequencies. This is a key result of the present
paper.
Note that in making the identification in Eq. (99), one
must assume that the poles of the frequency-dependent
boson-fermion interaction UBF in Eq. (92) cannot con-
tribute to the frequency sum in that expression. This
would of course be the case for a boson-fermion inter-
action between “elementary” bosons and fermions, in
which case UBF would be frequency-independent. In the
present context, however, where UBF must be frequency-
dependent owing to the fact that the bosons are dimer
molecules, we must impose this restriction on the fre-
quency sum in the term describing interactions between
bosons and fermions in the Bose-Fermi model introduced
in Eq. (60).
Following the identification of Eq. (98) with Eq. (92),
one sees that the “direct” dimer-dimer interaction given
by Eq. (97) is equivalent to UBB in Eq. (91),
UBB(q, q
′,K) = V
(4)
direct(q, q
′,K). (100)
We now consider what happens to the direct and me-
diated interactions identified in Eqs. (97) and (98) as
the polarization vanishes, that is, in the limit where
µ↓ = µ↑ = Eb/2. At T = 0 in the BEC region, all
fermions are paired up to form dimers so there are no
unpaired fermions and the mediated interaction V
(4)
mediated
in Eq. (98) vanishes as expected. On the other hand, at
finite temperatures V
(4)
mediated does not vanish. Even in
the absence of polarization, there is a dimer-dimer inter-
action mediated by unpaired fermions since some of the
dimer molecules will be thermally dissociated. As long as
|µ| ≫ T , however, the number of dissociated molecules
is small in an unpolarized gas, even close to the transi-
tion temperature Tc [11]. Thus, in the BEC region of
strongly-bound dimer molecules, the mediated interac-
tion in Eq. (98) is only significant in a spin-polarized
gas. In contrast, the direct interaction given in Eq. (97)
remains finite even for zero polarization. At T = 0, one
can show that (using µ↓ = −1/ma2F )
V
(4)
direct(0, 0, 0) =
(
8π
m2aF
)2∑
k
2
(k2/m+ |µ↓|)3
=
4π(2aF )
M
. (101)
This reproduces the Born-approximation value for the
direct dimer-dimer interaction given in Eq. (49). This
confirms that Eq. (97) is the direct interaction between
dimer molecules, i.e., the part of the interaction that is
not mediated by the unpaired excess ↑ fermions.
To summarize, we have compared the quartic fluctu-
ation terms in the action for a spin-polarized Fermi gas
with those for the action given in Eq. (60) which de-
scribes a Bose-Fermi mixture. We have thus proven that
a spin-polarized Fermi gas in the BEC limit reduces to
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a Bose-Fermi mixture described by Eq. (60). An impor-
tant caveat is that the poles of UBF [given in Eq. (99)]
are not allowed to contribute to the frequency sum in the
dimer-fermion interaction term in Eq. (60).
In closing this Section, we discuss the expression for
g(k) in Eq. (20). With the expression for UBF given
in Eq. (99), we can rewrite g(k) as (in the limit where
k2/2m≪ |Eb|)
g(k) ≃
(
∆20m
2aF
8π
)
8π
m2aF
G0,↓(k; ikn = k
2/2m)
= ncUBF (k, k, k; ∆0 = 0; ikn = k
2/2m). (102)
Note that g(k) arises in the effective theory of a spin-
polarized Fermi superfluid after performing an expan-
sion in powers of ∆0, treating µ↑ ≪ |µ↓| [see Eq. (48)].
Thus, it is not surprising that g(k) is given by the free-
space value of the dimer-fermion interaction UBF , with
nc = δnF = 0, (i.e., ∆0 = 0 and µ↑ = 0) and with
the corresponding energy ikn = k
2/2m for a free-space
fermion.
VII. THE DIMER-FERMION SCATTERING
LENGTH
As a simple application of our expression for the dimer-
fermion scattering interaction in a spin-polarized Fermi
gas given by Eq. (99), we discuss the scattering proper-
ties of a dimer-fermion pair in free-space. This allows us
to make contact with the extensive literature discussing
this problem [25, 26, 27, 28] and the well-known ex-
act result aBF = 1.18aF due to Skorniakov and Ter-
Martirosian [14] for the dimer-fermion scattering length.
For free-space scattering of a single dimer-fermion pair,
we can set µ↑ = 0, and |µ↓| = |Eb| in Eq. (99) to give
UBF (k, k
′, P ) =
4πaF /m
ikn + ik′n − iPn + ǫF,k+k′−P + |Eb|
×
[√
|Eb|+
√
−iPn + ikn + ǫB,P−k + |Eb|
]1/2
×
[√
|Eb|+
√
−iPn + ik′n + ǫB,P−k′ + |Eb|
]1/2
,
(103)
where, ǫF,k ≡ k2/2m and ǫB,k ≡ k2/2M = k2/4m.
In order to calculate the s-wave dimer-fermion scatter-
ing amplitude associated with the interaction given in
Eq. (103), we need to calculate a renormalized low-energy
interaction Γ which is obtained from the “bare” interac-
tion UBF given by Eq. (103) by integrating out short-
wavelength (i.e., smaller than aF ) degrees of freedom.
Following the usual prescription, Γ is given by the Bethe-
Salpeter equation (within the ladder approximation [29])
Γ ≡
P−k′ P−k
k′ k
=
P−k′ P−k
k′ k
+
P−k′ P−k
k′ k
P − p
p
FIG. 1: The Bethe-Salpeter equation for the renormalized
low-energy dimer-fermion interaction Γ within the ladder ap-
proximation, Eq. (104). The thick lines denote the Bose prop-
agator D0 while the thin lines refer to the propagator G0,↑ for
unpaired fermions. The dashed line is the dimer-fermion in-
teraction given by Eq. (103).
for dimer-fermion scattering (see Fig. 1):
Γ(P − k′, k′;P − k, k) = UBF (k, k′, P )
− 1
β
∑
p,pn
UBF (p, k
′, P )D0(P−p)G0,↑(p)
×Γ(P−p, p;P−k, k). (104)
D0 is the free-space molecular propagator for the dimers,
D0(q) =
1
iqm − ǫB,q , (105)
and G0,↑ = (ikn− ǫF,k)−1 is the propagator for unpaired
↑ fermions in free-space. The sum in Eq. (104) is over the
Fermi Matsubara frequency pn. Consistent with our dis-
cussion in Sec. VI, the poles of the Green’s function G0,↓
involved with UBF do not contribute to the frequency
sum over pn [see Eq. (107)].
The s-wave boson-fermion scattering length aBF is
given in the usual way by (see also Refs. [25, 26, 27])
aBF ≡ mr
2π
Γ(0, 0; 0, 0), (106)
where mr is defined below Eq. (77). To calculate aBF ,
we need only consider Γ(−k′, k′; 0, 0), i.e., we set the out-
going fermion energy and momentum k equal to zero as
well as the centre-of-mass energy and momentum P (see
Fig. 1). In addition, for scattering in free space, we can
use the on-shell energy value ik′n = ǫF,k′. Using these,
Eq. (104) reduces to
Γ(−k′,k′) = λ0λ−k′
2ǫF,k′ + |Eb|
+
1
β
∑
p,pn
λ−pλ−k′
(ipn + ǫF,k′ + ǫF,p+k′ + |Eb|)
× Γ(−p, p, 0, 0)
(ipn + ǫB,p) (ipn − ǫF,p) , (107)
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where we have defined Γ(−k′,k′) ≡ Γ(−k′, k′; 0, 0; ik′n =
ǫF,k′) and
λk ≡ λ(k, ikn = ǫF,k)
=
[
4π
m2aF
(
1 +
√
(3k2/4m+ |Eb|) /|Eb|
)]1/2
.
(108)
Since we are dealing with the limit of vanishing density
of unpaired fermions, we work at T = 0. Analytically
continuing the imaginary Fermi frequency ipn to the real
frequency ωp, and carrying out the integration over ωp,
Eq. (107) reduces to
Γ(−k′,k′) = λ0λ−k′
2ǫF,k′ + |Eb|
−
∑
p
λ−pλ−k′
(ǫF,p + ǫF,k′ + ǫF,p+k′ + |Eb|)
1
(ǫF,p + ǫB,p)
×Γ(−p,p). (109)
Equation (109) is an integral equation for the
momentum-dependent dimer-fermion scattering vertex
Γ. Following the definition used in Ref. [26], we define
the scattering amplitude as
aBF (k
′) ≡ mr
2π
Γ(−k′,k′)λ−k′
λ0
. (110)
The s-wave dimer-fermion scattering length aBF defined
in Eq. (106) corresponds to aBF (k
′ = 0). One can show
that Eq. (109) leads to the following integral equation for
aBF (k
′):
3aBF (k
′)/4√
m|Eb|+
√
3k′2/4 +m|Eb|
=
1
k′2 +m|Eb|
− 4π
∑
p
aBF (p)
p2 (p2 + p · k′ + k′2 +m|Eb|) . (111)
This is precisely the Skorniakov-Ter-Martirosian integral
equation for the scattering amplitude [14, 25, 26, 27].
Solving this integral equation for aBF (k
′), one finds
aBF (k
′ = 0) ≡ aBF = 1.18aF .
VIII. CONCLUSIONS
In the BEC limit of a spin-polarized Fermi super-
fluid, fermions in different hyperfine states pair up to
form dimer molecules. When the binding energy of these
molecules is larger than any other energy scale in the
problem (i.e., |Eb| ≫ ∆0, T, µ↑) the spin-polarized Fermi
superfluid reduces to a Bose-Fermi mixture, where the
fermions are the unpaired excess fermions with chemical
potential µ↑. Using a functional integral approach and
comparing the fluctuation terms in the effective Bose ac-
tions of a Bose-Fermi mixture and spin-polarized Fermi
superfluid, we have shown precisely how this equivalence
emerges in the BEC region.
At the Gaussian level, the fluctuations of the spin-
polarized superfluid are described by the usual BEC Bo-
goliubov propagator in Eq. (52). The new dimer-dimer
interaction in Eq. (48) includes a contribution that is
mediated by the unpaired fermions and is described by a
Lindhard response function.
Going beyond the Gaussian level by including quartic
fluctuations about the mean-field, we derived an explicit
expression in Eq. (99) for the interaction between the
dimers and unpaired fermions in the spin-polarized Fermi
gas. Taking the free-space value of this interaction, we
showed how our results reproduce the well-known value
for the s-wave scattering length aBF = 1.18aF , first de-
rived in 1957 [14]. More recently this same result has
been derived for three interacting fermions using a dia-
grammatic approach by Brodsky and co-workers [25, 26]
as well as by Levinsen and Gurarie [27].
Acknowledgments
E.T. thanks Dr. Erhai Zhao for helpful discussions.
E.T. and A.G. were supported by NSERC of Canada.
Y.O. was financially supported by Grant-in-Aid for Sci-
entific research from the Ministry of Education, Cul-
ture, Sports, Science and Technology of Japan and
CREST(JST).
[1] C. A. Regal, M. Greiner, and D. S. Jin, Phys. Rev. Lett.
92, 040403 (2004).
[2] M. Bartenstein, A. Altmeyer, S. Riedl, S. Jochim,
C. Chin, J. H. Denschlag, and R. Grimm, Phys. Rev.
Lett 92, 120401 (2004).
[3] M. W. Zwierlein, C. A. Stan, C. H. Schunck,
S. M. F. Raupach, A. J. Kerman, and W. Ketterle, Phys.
Rev. Lett. 92, 120403 (2004).
[4] M. W. Zwierlein, A. Schirotzek, C. H. Schunck, and
W. Ketterle, Science 311, 492 (2006).
[5] G. B. Partridge, W. Li, R. I. Kamar, Y. Liao, and
R. G. Hulet, Science 311, 503 (2006).
[6] For a review and further references, see D. E. Sheehy and
L. Radzihovsky, e-print cond-mat/0607803; Ann. Phys.
(to be published).
[7] P. Pieri and G. C. Strinati, Phys. Rev. Lett. 96, 150404
(2006).
[8] P. Pieri and G. C. Strinati, in Proceedings of the Interna-
tional School of Physics “Enrico Fermi” - Course CLXIV
“Ultra-Cold Fermi Gases”, Varenna, June 2006 (to be
published); see also, e-print cond-mat/0610675.
[9] M. Iskin and C. A. R. Sa´ de Melo, Phys. Rev. Lett. 97,
100404 (2006).
[10] V. N. Popov, Functional Integrals and Collective Excita-
13
tions (Cambridge University Press, Cambridge, 1987).
[11] C. A. R. Sa´ de Melo, M. Randeria, and J. R. Engelbrecht,
Phys. Rev. Lett. 71, 3202 (1993).
[12] J. R. Engelbrecht, M. Randeria, and C. A. R. Sa´ de Melo,
Phys. Rev. B 55, 15153 (1997).
[13] Y. Ohashi, J. Phys. Soc. Japan 74, 2659 (2005).
[14] G. V. Skorniakov and K. A. Ter-Martirosian, Sov. Phys.
JETP 4, 648 (1957).
[15] E. Taylor, A. Griffin, N. Fukushima, and Y. Ohashi,
Phys. Rev. A 74, 063626 (2006).
[16] Xia-Ji Liu and Hui Hu, Europhys. Lett. 75, 364 (2006).
[17] In the BEC limit and for small polarizations, ∆0 ∼
|Eb|(nF a
3
F )
1/2 [12], where nF is the total number of
fermions. Thus, (∆0/|Eb|)
2 ∼ O[nF a
3
F ].
[18] N. Fukushima, Y. Ohashi, E. Taylor, and A. Griffin,
Phys. Rev. A 75, 033609 (2007).
[19] Gerald D. Mahan,Many-Particle Physics (Plenum Press,
New York, 1990), Chap. 5.5.B.
[20] C. J. Pethick and H. Smith, Bose-Einstein Condensa-
tion in Dilute Gases (Cambridge University Press, Cam-
bridge, 2002), Chap. 14.3.2.
[21] H. P. Bu¨chler and G. Blatter, Phys. Rev. A 69, 063603
(2004).
[22] L. Viverit, C. J. Pethick, and H. Smith, Phys. Rev. A
61, 053605 (2000).
[23] R. Haussmann, Z. Phys. B: Condens. Matter 91, 291
(1993).
[24] P. Pieri and G. C. Strinati, Phys. Rev. B 61, 15370
(2000).
[25] I. V. Brodsky, A. V. Klaptsov, M. Yu. Kagan,
R. Combescot, and X. Leyronas, JETP Lett. 82, 273
(2005).
[26] I. V. Brodsky, M. Yu. Kagan, A. V. Klaptsov,
R. Combescot, and X. Leyronas, Phys. Rev. A 73, 032724
(2006).
[27] J. Levinsen and V. Gurarie, Phys. Rev. A 73, 053607
(2006).
[28] P. F. Bedaque and U. van Kolck, Phys. Lett. B 428, 221
(1998).
[29] A. L. Fetter and J. D. Walecka, Quantum Theory of
Many-Particle Systems (McGraw Hill, New York, 1971).
